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OPERATING  CHARACTERISTICS  FOR  AN  INVENTORY  MODEL 
THAT  SPECIAL  HANDLES  EXTREME  VALUE  DEMAND 

Douglas  Blazer 
-Abstract- 

In  this  report  we  extend  the  results  shown  in  Technical 
Report  #19  by  adding  a  set-up  cost  to  the  infinite  horizon 
inventory  model  that  special  handles  any  demand  that  exceeds 
some  value  t.  We  generate  2268  cases  and  present  the  operating 
characteristics  of  the  special  handling  model  as  compared  to  the 
operating  characteristics  without  special  handling. 

We  show  that  in  99.5%  of  the  cases  special  handling  reduces 
total  expected  costs  (excluding  special  handling  costs).  Most 
of  the  cost  reduction  is  as  a  result  of  decreased  inventory 
investment  with  a  smaller  proportion  due  to  decreased  penalty 
costs  and  decreased  set-up  costs.  In  many  cases  the  reduction 
in  inventory  investment  significantly  exceeds  the  amount  of 

a 

orders  left  unfilled  due  to  special  handling. 


tSchool  of  Business  Administration,  The  University  of  North 
Carolina  at  Chapel  Hill. 
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FOREWORD 


As  a  part  of  the  on-going  program  in  "Decision  Control 
Models  in  Operations  Research,"  Mr.  Douglas  Blazer  has  extended 
the  study  on  the  economic  impact  of  removing  large  demands  in 
the  determination  of  an  inventory  replenishment  policy.  He 
treats  the  multi-period  case  with  linear  costs  and  fixed  lead- 
time;  a  set-up  cost  is  included  in  this  paper.  Mr.  Blazer  de¬ 
rives  an  optimal  (s,$)  policy  when  large  demand  is  filtered 
out.  He  compares  the  inventory  policy  cost  with  the  filtering 
of  large  demand  to  the  inventory  policy  costs  for  not  filtering 
large  demand.  The  paper  provides  the  cost  comparisons  for  1440 
cases.  Other  related  reports  dealing  with  this  research  program 
are  given  on  the  following  pages. 


Harvey  M.  Wagner 
Principal  Investigator 


Richard  Ehrhardt 
Co-Principal  Investigator 


1.  INTRODUCTION 


We  showed  in  [1]  a  necessary  and  sufficient  condition  for 
cost  savings  when  extreme  value  demand  is  specially  handled.  We 
assumed  an  infinite  horizon  inventory  model  with  stationary  linear 
holding  and  penalty  costs,  yielding  an  optimal  single  critical 
number  policy.  In  this  report  we  also  include  a  set-up  cost.  We 
test  the  model  under  various  parameter  settings  to  measure  the 
difference  between  expected  costs  with  special  handling  and 
expected  costs  without  special  handling.  By  definition,  special 
handling  of  an  extreme  value  demand  means  that  existing  stock  is 
not  used  to  satisfy  the  demand.  The  extreme  value  demand  is 
either  not  filled  at  all  or  is  filled  via  a  special  order. 

1.1  The  Model 

We  assume  a  single  item,  infinite  horizon  inventory  model. 

We  also  assume  periodic  review  of  an  item's  inventory  level  and 
employ  a  stationary,  discrete-time  stochastic  process  to  describe 
an  item's  demand.  The  demand  sequence  q-j,  q£»  •••»  consists  of 
independently,  identically  distributed  non-negative  integer  valued 
random  variables  with  cumulative  probability  $(q).  All  demands 
that  are  less  than  t  are  met  as  long  as  stock  is  sufficient; 
when  a  stock-out  occurs,  the  unfilled  demand  is  completely  back- 
logged.  Demands  greater  than  or  equal  to  t  are  specially  handled. 
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no  existing  stock  is  issued  and  these  demands  are  not  backlogged. 
The  value  of  t  is  assumed  to  be  given. 

Items  kept  in  inventory  are  conserved,  there  being  no  losses 

by  deterioration,  obsolescence,  or  pilferage;  disposal  is  not 
allowed.  Inventory  on  hand  at  the  end  of  a  current  period  is  the 

inventory  from  the  previous  period  plus  any  replenishment  that 
arrives  less  demand  in  the  current  period.  Replenishments  are 
assumed  to  be  delivered  a  fixed  lead  time  L  periods  after  being 
ordered.  The  time  sequence  of  events  within  any  period  is  taken 
to  be  order,  delivery,  demand. 

We  assume  no  time  discounting  of  costs  and  postulate  an 


unbounded  horizon  over  which  the  item  is  demanded  and  stocked. 

We  seek  to  minimize  total  expected  cost  per  period.  The  cost  of 
a  replenishment  quantity  is  assumed  to  be  linear  plus  a  fixed 
order  cost  K.  The  inventory  holding  cost  is  proportional  to  any 
end-of-period  stock  on  hand,  at  unit  cost  h.  The  unit  penalty 
cost  tt  is  applied  to  any  quantity  on  backorder  at  the  end-of- 
period;  it  is  not  applied  to  demands  that  are  equal  to  or  greater 
than  t  (specially  handled  demands). 

We  define  <J>  (q)  as  the  probability  distribution  of  demand. 
We  modify  the  demand  distribution  as  follows 

(J>(q)  +  1-  <t>  (t-1  )  q  =  0 
4>(q)  1  <  q  <  t  (1) 

0  q  *  t 

We  use  the  following  total  expected  cost  per  period  model  [4] 
with  a  given  value  of  t 


^T(q)  = 


3 


T+MTDT  +  w 


r  h(y-q)*i+1(q)  +  I  "(q-yto’if'l'O 

q=o  q=y 


(2) 


where 


^tL+1(x)  *  L+lSt  fold  convolution  of  ^T(x), 


M(x)  =  f^(x)  ■  l  m(j) 
i=l  T  3=0 


(x  0,1,2,...), 


Expected  number  of  periods  between 
reorders  in  which  inventory  on-hand 

.  .  plus  on-order  is  S-z  units _ 

r(S-z)  =  EXpected  number  of  periods  between 

reorders 


= 

T+iTO 


for 


l<z<D, 


and  D  =  S-s. 

The  expected  cost  per  period  function  is  linear  in  K,  it,  and  h 
and  we  may  scale  these  parameters  so  that  h  is  unity. 

We  assume  control  over  replenishment  is  exercised  by  an  (s,S) 
replenishment  policy:  whenever  inventory  x  on-hand  and  on-order 
at  the  start  of  a  period  drops  below  s,  an  order  is  placed  for  a 
replenishment  of  size  S-x. 

Given  our  assumptions,  when  the  demand  distribution  and  the 
economic  parameters  are  known,  there  is  an  optimal  policy  that  has 
the  (s,S)  form  [3],  [5].  We  use  the  Veinott-Uagner  algorithm  as 
programed  by  [4]  to  determine  optimal  (s,S)  policies.  We  modify 
Kaufman's  program  to  special  handle  extreme  value  demands. 

It  should  be  noted  that  (2)  does  not  include  any  costs  for 
special  handling  extreme  value  demands.  We  determine  when  cost 
savings  are  realized  for  special  handling  extreme  value  demands. 

If  such  savings  are  realized,  they  would  be  available  to  defray 
the  cost  of  special  handling. 
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1.2  Experimental  Design 

We  study  the  model  for  the  input  parameters  shown  in  Table  1. 
The  demand  distributions  are  Poisson  (variance-to-mean  ratio  of 
1:1)  and  negative  binomial  (variance-to-mean  ratios  of  3:1  and 
9:1),  There  are  7  mean  values  of  demand  for  the  Poisson  distrib¬ 
ution  and  8  mean  values  for  the  negative  binomial  distribution. 

The  leadtimes  are  0,  1,  and  4.  The  stockout  costs  are  4,  9,  99, 
and  199,  which  result  in  service  levels  (R=tt /7t  +h)  of  80%,  90%, 
99%,  and  99.5%  respectively.  The  set-up  cost  values  are  0,  32, 
and  64.  The  cumulative  probability  values  of  demand  being  spe¬ 
cially  handled  1-4>(t-1)  are  0  (no  special  handling),  .05,  and 
.15.  These  values  are  approximate  since  the  demand  distributions 
are  discrete.  We  use  a  full  factorial  experimental  design  which 
generates  2268  combinations  of  parameters  (for  mean  demand  levels 
.1  and  .3  we  use  only  the  values  0  and  .05  for  1-$>(t-1);  see 
Appendix  I).  We  generate  1440  cases  where  extreme  value  demand 
is  special  handled  and  828  cases  without  special  handling. 

2.  RESULTS 

We  examine  the  reduction  in  total  costs,  categorize  the  cost 
savings,  display  the  value  of  demand  unfilled  versus  the  reduction 
in  inventory  investment,  and  determine  the  breakeven  special  han¬ 
dling  cost. 

2.1  Reduction  in  Total  Costs 

We  present  the  reduction  in  total  costs  in  three  graphs  to 
illustrate  the  sensitivity  to  service  level  R  (TT/n+h),  leadtime 
L,  and  set-up  cost  K. 
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SYSTEM  PARAMETERS 


PARAMETERS 

LEVELS 

NUMBER  OF  LEVELS 

Variance-to-mean 

2 

Poisson  (o  : y= 1:1) 

3 

o 

Ratio  (o  :y) 

* 

Negative  Binomial 
(o2:y=3:l  &  9:1) 

Mean  Demand  (y) 

.1,  .3,  1,  2,  4, 

8,  10 

Poisson 

7 

Negative  Binomial 

.1,  .3,  1,  2,  4, 

8,  16,  25 

8 

Unit  Holding  Cost  (h) 

1 

i 

Replenishment  Leadtime  (L) 

0,  1,  4 

3 

Unit  Penalty  Cost  (tt) 

4,  9,  99,  199 

4 

Replenishment  Set-up 

0,  32,  64 

3 

Costs  (K) 

Cumulative  Probability  of 

0,  .05,  .15 

3 

Demand  Special 

Handled  (1-$>(t-1  ) ) 

♦For  mean  demand  levels  .1  and  ,3,  we  use  only  0  and  ,05 


values  for  1  -  4>(x-l)  (See  Appendix  I). 

TABLE  I 

Appendix  I  presents  the  54  graphs  showing  the  reduction  in 
total  costs  for  different  service  levels  R.  We  also  show  the  per¬ 
cent  reduction  on  the  graph,  where  percent  reduction  is: 

Total  Expected  Cost  VJithout  Total  Expected  Cost  With 

Special  Handling _  Special  Handling -  x  100 

Total  Expected  Cost  Without  Special  Handling 

Each  figure  is  for  a  given  set-up  cost  K,  variance-to-mean  ratio 
o2:y,  leadtime  L,  and  cumulative  probability  of  demand  special 
handled  1  -4>(t-1  ) . 

In  Appendix  II  we  reformat  the  data  presented  in  Appendix  I  to 
display  the  reduction  in  total  costs  for  different  leadtimes.  We 
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show  only  12  (of  the  72)  charts.  They  are  representative,  how¬ 
ever  of  the  effect  of  changing  leadtimes.  We  show  all  combina¬ 
tions  for  R=.80  and  .99,  1-4>(t-1  )  =  .15,  K=0  and  64,  and 

:  y  =9:1 ,  3:1,  and  1:1, 

Finally  we  present  in  Appendix  III  the  reduction  in  total 
costs  for  different  set-up  costs.  Again  we  present  only  12  (of  the 
72)  charts  as  representative  of  the  effect  of  changing  the  set-up 
cost  parameter.  We  show  all  combinations  for  R=.80  and  .99, 

1  -$>(t-1  )=.15,  L=1  and  4,  and  o^:p=9:l,  3:1,  and  1:1. 

The  results  for  the  reduction  in  total  costs  are  fairly  con¬ 
sistent  over  all  parameter  settings.  The  percent  reduction  in 
costs  is  monotonically  increasing  as: 

(1)  mean  demand  becomes  sufficiently  small, 

(2)  the  variance-to-mean  ratio  becomes  sufficiently  large, 

(3)  the  service  level  (ir/u  +  h)  becomes  sufficiently  large, 
and 

(4)  the  set-up  cost  becomes  sufficiently  small. 

2.2  Categorization  of  Cost  Savings 

In  Appendix  IV  we  categorize  the  sources  of  cost  savings. 

Note  from  (2)  that  expected  costs  consist  of  holding,  penalty,  and 
set-up.  Appendix  IV  displays  graphically  the  cost  saving  (or  in¬ 
crease)  for  each  cost  category.  We  show  all  combinations  listed 
in  Table  2.  Thus  24  of  the  216  possible  figures  are  shown. 
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CATEGORIZATION  OF  COST  SAVINGS 
PARAMETER  SETTINGS 


PARAMETER 

LEVELS 

NUMBER  OF  LEVELS 

Variance- to-mean 

1:1,  3:1,  9:1 

3 

Ratio  (o  :y) 

Mean  Demand  (y) 

.1,  2,  8 

Poisson 

3 

Negative  Binomial 

.3,  4,  16 

3 

Unit  Holding  Cost  (h) 

1 

1 

Replenishment 

1,  4 

2 

Leadtime  (L) 

Unit  Penalty  Cost  (it) 

4,  99 

2 

Replenishment  Set-up 

0,  64 

2 

Cost  (K) 

Cumulative  Probability 

of  Demand  Special 
Handled  (1-$(t-1) 

.05 

1 

1 

Poisson 

Negative  Binomial 

.15 

TABLE  2 

The  results  of  the  categorization  of  cost  savings  are  nearly 
consistent  over  all  parameter  settings.  Special  handling  of  ex¬ 


treme  value  demands: 

(1)  decreases  the  optimal  amount  to  stock,  thereby  decreasing 
the  amount  of  holding  costs.  Since  the  holding  parameter  cost 
equals  1,  the  reduction  in  holding  costs  is  equivalent  to  the  re¬ 
duction  in  inventory  investment  (at  the  end  of  the  period). 

(2)  decreases  the  penalty  cost  incurred.  Since  the  penalty 
cost  is  proportional  to  the  size  of  the  demand  backlogged,  at¬ 
tempting  to  fill  extreme  demand  generates  higher  expected  penalty 
costs.  Special  handling  of  the  extreme  value  demand  thus  reduces 
expected  penalty  cost. 
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(3)  decreases  the  frequency  of  replenishment,  thereby  de¬ 
creasing  the  expected  set-up  cost.  Although  the  amount  being 
stocked  is  usually  smaller,  the  quantity  demanded  is  less  due  to 
the  exclusion  of  extreme  value  demands. 

2.3  Unfilled  Demand  Versus  the  Reduction  in  Inventory  Investment 

The  motivation  for  reviewing  the  unfilled  demand  versus  the 
reduction  in  inventory  investment  derives  from  the  concept  of  "pre¬ 
mium  versus  protection"  in  the  robust  estimation  literature  [2]. 

In  the  special  handling  of  extreme  value  demand  context,  the  "pre¬ 
mium"  is  the  price  paid  for  estimating  demand  based  on  a  truncated 
sample.  In  other  words,  the  premium  is  the  demand  left  unfilled. 
The  "protection"  is  the  amount  saved  for  the  better  estimation  of 
ordinary  (non-extreme  value)  demand.  In  this  case,  the  protection 
is  the  reduction  in  inventory  investment.  Note  we  include  the  ex¬ 
treme  value  demands  that  are  special  handled  in  the  value  of  un¬ 
filled  demands.  We  know  from  Appendix  IV  that  the  demand  unfilled 
not  including  the  extreme  value  demand  is  generally  smaller  in  the 
special  handling  model  than  in  the  standard  model.  Therefore  we 
compare  the  savings  in  inventory  investment  to  the  cost  of  in¬ 
curring  those  savings,  specifically  the  increase  in  the  total  de¬ 
mand  unfilled  including  extreme  value  demands. 

We  compare  the  difference  between  the  amount  of  orders  left 
unfilled  for  the  minimum  cost  policies  of  the  special  handling 
model  and  the  standard  model  (no  special  handling)  to  the  differ¬ 
ence  between  the  amount  of  stock  held  at  the  end  of  the  period  for 
the  minimum  cost  policies  for  the  special  handling  model  and  the 
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standard  model.  Mathematically  the  amount  of  orders  left  unfilled 
per  period  is 

!  r(y)  l  (q-y)*l:+1(q)  +  I  q*(q)  (3) 

y=s  q=y  q=T 

Expected  Stock  Out  Quantity  +  Expected  Demand  Special  Handled, 


where  S  is  the  optimal  stockage  policy  and  where  t=°°  is  the 
standard  model.  The  amount  of  stock  held  at  the  end  of  the  period 


is: 


S 

l 


y=s 


r(y) 


S 

l 

|_q=0 


(y-q)^+1(q) 


(4) 


where  t=~  again  is  the  standard  model. 

Appendix  V  displays  the  difference  in  the  value  of  demand  un¬ 
filled  versus  the  reduction  in  inventory  investment.  We  present 
24  (of  the  276)  figures;  one  for  each  of  the  combination  of  param¬ 
eters  shown  in  Table  3. 

Appendix  V  shows  the  amount  of  inventory  investment  that  can 
be  saved  if  one  is  willing  to  incur  an  increase  in  the  amount  of 
demand  unfilled  including  specially  handled  demand.  For  example, 
in  the  case  with  o^:y=9:l,  y=4,  L=0,  R=.9,  K=0,  and 

1-iJ)(t-1  )=15,  4.2  less  units  can  be  stocked  at  a  cost  of  an  in¬ 

crease  of  1.1  units  of  demand  left  unfilled.  As  the  parameter 
settings  move  toward  more  percent  reduction  in  total  expected 
costs  (see  section  2.1  above)  the  difference  in  the  reduction  in 
inventory  investment  to  unfilled  demand  increases.  The  point  is 
that  under  a  number  of  parameter  settings  (R>.8  and  o  :y>l:l) 
the  model  that  does  not  special  handle  extreme  value  demand 
Cl-4>(T_1  )=o)  requires  significantly  more  inventory  investment 
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for  a  relatively  small  difference  in  demand  left  unfilled.  Hence 
the  use  of  a  model  to  special  handle  extreme  value  demands  can 
greatly  reduce  inventory  investment,  and  in  a  number  of  practical 
parameter  settings,  the  benefit  from  the  inventory  reduction  sig¬ 
nificantly  exceeds  the  cost  incurred  from  unfilled  demand. 

UNFILLED  DEMAND  VERSUS  THE  REDUCTION  IN 


INVENTORY 

INVESTMENT  PARAMETER 

SETTINGS 

PARAMETER 

LEVELS 

NUMBER  OF  LEVELS 

Variance-to-mean 

2 

Poisson  (o  :y=l:l) 

3 

2 

ratio  (o  :y) 

Negative  Binomial 
(o2:y  =  3:1  &  9:1) 

Mean  Demand  (y) 

Poi sson 

2,  8 

2 

Negative  Binomial 

4,  16 

2 

Unit  Holding  Cost  (h) 

1 

1 

Replenishment  Leadtime 

0,  4 

2 

(L) 

Unit  Penalty  Cost  (it) 

4,  99 

2 

Replenishment  Set-up 

0,  32,  64 

3 

Cost  (K) 

Cumulative  Probability 

.05,  .15 

2 

of  Demand  Special 
Handled  (1-4(t-1)) 

I 

TABLE  3 


2.4  Breakeven  Special  Handling  Cost 

In  this  section,  we  include  in  the  expected  cost  per  period 
model  (2)  a  special  order  cost  per  period  that  equates  the  costs 
for  the  special  handling  model  to  the  costs  for  the  standard  model. 
Thus  we  solve  for  K'  (fixed  special  order  cost)  in  the  following: 
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_  .  ,  [Probability  of  a 

Special  Special  Order 
Order  Cost  in  a  Period 

i.  * 


which  is  equivalent  to 


Total  Cost 
Per  Period 
for  the 

Standard  Model 


Total  Cost 
Per  Period 
for  the 

Special  Handling 
Model 

(5) 


K'  l  4>(q)  =  Cost  Savings  per  Period  . 
q=x 

Table  4  provides  the  maximum  cost  for  special  handling  ex¬ 
treme  value  demands  where  special  handling  still  reduces  total  ex- 

2 

pected  costs  per  period.  For  example  for  o  :y=9:l,  u-4, 

1-4(t-1)*.05,  L=4,  K=32,  and  R=.9,  the  special  handling  model 

will  reduce  costs  as  long  as  the  special  handling  costs  is  less 
than  $238,  which  is  almost  7.5  times  larger  than  the  ordinary  or¬ 
dering  cost  (K).  We  show  the  breakeven  special  handling  cost  for 
y=.3  and  y=4,  1-4(t-1 )= .05,  L=0  and  4,  and  all  other  param- 

eter  settings 


L»0 


R 

K*0 

K*32 

K»64 

Lb4 


K=0 

K=32 

K=64 


L*0 


Ke0 

K«=32 

K«64 

L*4 


K=0 
K*  32 
K«64 


TABLE  4 


breakeven  special  handling  costs 
V  •  -3 

1  3:1 


1:1 


.8 

.9 

.99 

.995 

.8 

.9 

.99 

.995 

.8 

.9 

.99 

M 

22 

50 

73 

50 

73 

92 

250 

257 

265 

336 

342 

356 

13 

30 

41 

21 

37 

47 

81 

85 

91 

101 

105 

111 

4 

17 

21 

9 

18 

25 

36 

39 

40 

ii 

94 

111 

123 


T62~ 

175 

187 


448 

462 

470 


545 

552 

562 


37 

47 

55 


60 

64 

70 


123 

130 

135 


y  «  4 


62 

73 

85 


109 

113 

120 


364 

318 

312 


461 

399 

390 


24 

33 

41 


42 

43 
51 


T3T 

103 

106 


140 

151 

158 


T74" 

128 

130 


16 

20 

26 


18 

25 

33 


8 

16 

23 


32 

45 

48 


54 

38 

39 


“47T 

53 

56 


TT 

46 

49 


164" 

166 

171 


239 

238 

241 


5TT 

498 

496 


606 

584 

580 


~55 

59 

64 


w 

80 

84 


T5T 

148 

150 


“35cT 

164 

~r r 

20 

20 

26 

49 

47 

5T 

57 

165 

26 

31 

51 

58 
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Table  5  shows  the  frequency  distribution  for  breakeven  special 
handling  costs.  The  table  shows  the  percentage  of  cases  where  the 
breakeven  special  handling  cost  is:  less  than  the  normal  set-up 
cost,  between  the  normal  set-up  cost  and  1.5  of  the  normal  set-up 
cost,  etc..  We  present  all  cases  with  a  positive  set-up  cost 
(K=32  and  64).  We  use  1 -^(t-1 )~.05  which  is  more  favorable  than 
1-4>(t-1  )-.15.  In  71.9%  of  the  cases  breakeven  special  handling 
costs  exceeded  the  normal  set-up  cost.  Excluding  the  Poisson 
cases  (o  : y= 1:1),  in  89.8%  of  the  cases  breakeven  special  hand¬ 
ling  costs  exceeded  the  normal  set-up  cost,  and  in  nearly  half  of 
those  cases,  breakeven  special  handling  costs  more  than  doubled 
the  normal  set-up  cost. 


SPECIAL  HANDLING  COST 
FREQUENCY  DISTRIBUTION 


1-<I>(t-1  )=.05 

Variance-to-Mean  Ratio 

9:1 

3:1 

1:1 

Total 

V 

VI 

o 

.0 

20.3 

69.0 

28.1 

K  <  K'  <  1.5K 

2.6 

16.7 

19.0 

12.5 

1.5K  <  K'  <  2K 

6.3 

18.2 

7.7 

10.9 

2K  <  K'  <  4K 

23.4 

26.6 

3.0 

18.3 

o 

V 

VI 

33.0 

18.2 

1.2 

19.9 

K1  <  10K 

29.7 

.0 

.0 

10.3 

TABLE  5 


When  special  handling  costs  are  fixed,  the  higher  the  cost 
reduction  (.as  opposed  to  the  higher  the  percent  cost  reduction) 
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the  more  favorable  the  special  handling  model.  Hence  breakeven 

special  handling  costs  monotonically  increase  as 

1.  the  service  level  increases, 

2.  the  leadtime  increases,  and 

3.  the  variance-to-mean  ratio  increases. 


3.  SUMMARY 

Table  6  presents  the  frequency  distribution  for  percent  cost 

reduction  categorized  for  each  variance-to-mean  ratio  and  for  the 

2 

total  of  all  cases.  In  99.5%  (only  5  cases  with  o  :y=l:l  and 
4  cases  with  o2:y=3:l  were  costs  not  reduced)  of  the  1440  total 
cases  we  examined  (Table  1)  a  periodic  review  inventory  model  that 


special  handles  extreme  value  demand  reduces  total  expected  costs 

2 

(excluding  special  handling  costs).  Excluding  o:u=l:l,  50% 
of  the  remaining  cases  reduced  total  cost  by  at  least  one  half. 


TABLE  6 

PERCENT  COST  REDUCTION 
FREQUENCY  DISTRIBUTION 


Variance 

-to-Mean 

i  Ratio 

Percent  Cost  Savings 

9:1 

3:1 

1:1 

Total 

Less  than  0 

.0 

.4 

1.2 

.5 

'  0-  10) 

.2 

8.3 

39.4 

14.8 

£10-  20) 

7.9 

22.0 

34.0 

20.7 

:20-  30) 

13.1 

19.4 

15.0 

15.9 

'30-  40) 

14.7 

14.3 

4.2 

11.4 

'40-  50) 

12.7 

10.1 

2.8 

8.8 

'50-  60) 

12.1 

10.7 

2.1 

8.6 

'60-  70) 

10.5 

8.1 

1.4 

6.9 

[70-  80) 

10.3 

4.6 

.0 

5 . 2 

[80-  90) 

12.1 

2.0 

.0 

4.9 

[90-100) 

6.3 

.0 

.0 

2.2 

Most  of  the  cost  reduction  is  as  a  result  of  decreased  inventory 


investment,  with  a  smaller  proportion  due  to  decreased  penalty 
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costs  and  decreased  set-up  costs.  In  instances  where  the  percent 
total  cost  reduction  is  large,  the  amount  saved  in  inventory 
investment  is  significantly  larger  than  the  total  amount  of  demand 
that  is  left  unfilled.  Hence  special  handling  can  greatly  reduce 
inventory  investment  without  significantly  increasing  the  penalty 
cost  for  not  filling  demand. 
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APPENDIX  I 


REDUCTION  IN  TOTAL  COSTS  FOR  DIFFERENT  SERVICE  LEVELS 
Table  1-1  provides  the  value  of  and  the  corresponding  cumula¬ 
tive  probability  or  demand  special  handled  for  the  experimental 
design  shown  in  Table  1.  Since  the  distributions  are  discrete  the 
values  of  t  were  chosen  so  that  the  cumulative  probability  of  de¬ 
mand  special  handled  is  approximately  equal  to  .05  and  .15.  There 
are  some  minor  inconsistencies  in  the  data  (Appendices  I-V)  due  to 
the  discrete  nature  of  the  distributions.  These  inconsistencies 
are  especially  apparent  for  the  Poisson  distribution  because  the 
differences  to  .05  and  .15  are  larger  and  the  relatively  poorer 
performance  of  the  special  handling  model  with  the  Poisson  distri¬ 
bution  (variance-to-mean  ratio  of  1:1). 


TABLE  1-1 


VALUES  OF  CUMULATIVE  PROBABILITY  OF  DEMAND 
SPECIAL  HANDLED 


o  :y 

9:1 

3:1 

1:1 

Mean  Demand  (y) 

T 

1-$(t-1 ) 

T 

1-<I>(t-1  ) 

T 

I-Mt-1) 

.1 

2 

.0163 

2 

.0219 

2 

.0047 

.3 

2 

.0484 

2 

.0671 

2 

.0368 

1 

6 

.0550 

5 

.0493 

4 

.0190 

2 

.1557 

3 

.1340 

3 

.0803 

2 

10 

.0557 

7 

.0585 

5 

.0527 

5 

.1412 

5 

.1317 

4 

.1429 

4 

16 

.0540 

11 

.0540 

8 

.0511 

9 

.1510 

8 

.1431 

7 

.1107 

8 

25 

.0526 

17 

.0604 

13 

.0638 

16 

.1519 

13 

.1659 

12 

.1119 

10 

—  - 

-  - 

-- 

16 

.0487 

-  - 

-- 

-- 

-- 

14 

.1355 

16 

40 

.0490 

29 

.0514 

-- 

-- 

28 

.1519 

23 

.1668 

— 

— 

25 

54 

.0500 

40 

.0599 

-- 

— 

40 

.1552 

34 

.1596 

— 

— 

Total  Cost  Savings  In 
Dollars  per  Period 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


K  =  0 

*  t(i-l)  =  .05 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

Demand 

R  *  .8 

R  r  .9 

R  *  .99 

R  =  .995 

.1 

.36/89.2 

.80/89.2 

6.43/86.7 

9.93/91.6 

.3 

1.08/89.8 

2.42/89.8 

12.11/92.6 

16.24/94.4 

1 

2.24/58.9 

4.25/61.6 

15.94/77.5 

20.60/81 .6 

2 

2.88/45.8 

5.21/50.7 

17.80/69.4 

22.82/75.5 

4 

3.34/35.0 

5.89/40.9 

19.63/62.1 

24.91/67.4 

B 

3.75/27.5 

6.60/33.8 

21.74/55.6 

27.32/60.7 

16 

4.00/21.0 

7.15/27.2 

23.13/47.2 

23.32/50.9 

25 

4.29/18.3 

7.89/24.8 

26.14/45.7 

32.42/50.3 

Total  Cost  Savings  In 
Dollars  per  Period 
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Reduction  In  Total  Costs  for  Different  Service  Levels 


L  =  0 

K  *  0 

1  -  *(t-1)  *  .15 


Service  levels 

Total  Cost  Savings/Percent  Reduction  In  Total  Costs 


mand 

R  «  .8 

R  *  .9 

R  «  .99 

R  «  .995 

1 

3.46/91.1 

6.15/89.0 

19.66/95.6 

24.35/96.4 

2 

4.50/71.5 

7.67/74.6 

22.23/86.6 

27.23/88.9 

4 

5.65/59.3 

9.30/64.6 

25.24/79.9 

30.59/82.7 

8 

6.57/48.1 

10.74/55.0 

28.48/72.8 

34.39/76.5 

16 

7.22/37.9 

12.05/45.9 

31.94/65.2 

38.28/68.9 

25 

7.44/31.7 

12.91/40.6 

35.20/61.6 

42.48/65.9 

APPENDIX  I 


Reduction  in  Total  Costs  for  Different  Service 


Service  Levels 


Mean 

Demand 

Total  Cost  Savings/Percent  Reduction  in  Total 

A*  .8  R  c  .9  R  =  .99 

.1 

.88/69.3 

1.32/75.0 

6.83/85.0 

.3 

2.42/70.0 

3.53/76.0 

12.44/86.4 

1 

3.26/40.8 

5.04/48.4 

15.50/65.7 

2 

3.65/30.4 

5.68/36.7 

16.55/54.3 

4 

3.96/22.6 

6.09/27.4 

17.16/43.8 

8 

4.23/16.8 

6.45/20.7 

17.95/35.4 

16 

4.28/12.0 

6.59/15.2 

17.86/26.9 

25 

4.54/10.2 

7.10/13.3 

20.40/25.6 

Levels 

o^:u  *  9:1 
L  =  0 

K  =  32 

♦(t-1)  =  .05 


Costs 

R  =  .995 

10.11/88.3 

16.53/89.4 

19.67/69.7 

20.81/58.8 

21.55/48.4 

22.50/39.8 

21.81/29.8. 

25.88/29.8 


Total  Cost  Savings  In 
Dollars  per  Period 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


I  -  5 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

Demand 

R  *  .8 

R  ■=  .9 

R  *  .99 

R  -  .995 

1 

6.04/75.5 

8.31/79.8 

20.84/88.3 

25.48/90.2 

2 

6.42/53.5 

9.19/59.3 

22.10/72.5 

26.61/75.2 

4 

7.47/42.6 

10.56/47.6 

24.14/61.6 

28.96/65.1 

8 

8.29/32.8 

11.50/36.9 

25.90/51.1 

31.04/54.9 

16 

8.73/24.4 

12.15/28.1 

27.62/41.6 

32.97/45.1 

25 

9.03/20.3 

12.81/24.0 

31.50/39.6 

38.37/44.1 

APPENDIX  I 


Reduction  in  Total  Costs  for  Different  Service  Levels 


L  =  0 

K  *  64 
*(t-1)  *  .05 


Service  Levels 


Mean 

Demand 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 

R  “  •?  .  J  '  .9  R  *  .99  R  *  . qo«; 

.1 

1.40/65.6 

1.85/70.1 

7.10/83.8 

10.19/85.8 

.3 

3.55/69.9 

4.45/73.5 

12.85/84.0 

16.92/87.3 

1 

4.14/38.9 

5.73/44.7 

15.70/61.3 

19.68/65.1 

2 

4.47/28.5 

6.28/33.3 

16.45/49.0 

20.61/53.5 

4 

4.60/20.3 

6.50/24.0 

16.87/38.4 

21.04/42.8 

B 

4.76/14.7 

6.69/17.5 

17.38/30.1 

21.76/34.2 

16 

4.67/10.2 

6.61/12.3 

16.96/22.0 

20.66/24 . 7 ' 

25 

4.77/  8.3 

6.87/10.3 

18.50/19.8 

23.06/22.9 

Total  Cost  Savings  In 
Dollars  per  Period 
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Reduction  In  Total  Costs  for  Different  Service  Levels 


2 


a 


:y 


«  9:1 


L  =  0 


K  «  64 

1  -  »(t-1 )  =  .15 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


mand 

R  *  .8 

R  *  .9 

R  *=  .99 

R  *  .995 

i 

7.77/73.1 

9.85/76.8 

21.89/85.5 

26.49/87.7 

2 

7.99/50.9 

10.48/55.5 

22.86/68.1 

27.40/71.2 

4 

8.99/39.7 

11.83/43.7 

24.83/56.6 

29.50/59.9 

8 

9.79/30.2 

12.71/33.2 

26.60/46.0 

31.55/49.5 

16 

10.42/22.7 

13.65/25.4 

28.54/37.0 

33.78/40.3 

25 

10.80/18.8 

14.32/21.5 

30.71/32.9 

36.64/36.4 

APPENDIX  I 


Reduction  in  Total 

Costs  for  Different  Service 

Levels 

2 

o  :p 

=9:1  L  = 

1  K  =  0 

1  -  ^(t-I ) 

-  .05  _ 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

0.71/89.2 

1.61/89.2 

9.86/90.9 

13.74/93.2 

.3 

2. 1 5/89.8 

4.32/88.7 

16.20/94.0 

20.55/94.8 

1 

3.36/61.3 

6.83/66.4 

19.90/77.6 

24.01/78.4 

2 

4.74/49.7 

7.94/55.2 

20.97/66.3 

25.16/68.0 

4 

5.38/39.4 

8.79/45.0 

21.60/55.3 

26.06/57.9 

8 

5.94/31.2 

9.41/35.9 

22.42/45.8 

26.93/48.5 

16 

6.07/23.0 

9.49/26.8 

21.51/34.4 

24.37/34.7 

25 

6.25/19.3 

9.97/23.2 

24.05/32.5 

23.27/34.3 

I  -  8 

2 

0 

:v  =9:1  L  = 

O 

II 

1  -  4(t-1) 

-  .15 

Service  Levels 

Mean 

Demand 

PO 

II 

CD 

R  =  .9 

R  =  .99 

R  =  .995 

1 

5.62/89.3 

9.38/91.2 

24.12/94.0 

28.80/94.0 

2 

7.05/73.9 

11.11/77.2 

26.20/82.9 

31.07/84.2 

4 

8.64/63.3 

13.13/67.2 

28.59/73.1 

33.55/74.6 

8 

9.81/51 .5 

14.42/54.9 

31.13/63.6 

36.68/66.0 

16 

10.16/38.6 

15.09/42.7 

33.31/53.3 

39.09/55.7 

25 

9.80/30.2 

15.21/35.4 

35.86/48.5 

42.86/51.9 

I  -  9 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


o^:y 

=9:1  L  = 

1  K  *  32 

Service  Levels 

1  -  4>(t-1) 

=  ,05 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

1.24/74.1 

2.13/79.8 

10.08/88.3 

13.95/91.2 

.3 

3.29/75.2 

5.16/80.6 

16.52/89.3 

20.89/91.2 

1 

4.62/47.6 

7.28/54.1 

19.57/68.4 

23.99/71.2 

2 

5.28/36.4 

8.09/42.1 

20.50/56.5 

24.73/59.4 

4 

5.68/27.1 

8.56/31.9 

20.80/44.8 

25.04/47.9 

8 

6.00/20.1 

8.93/24.0 

21.00/34.9 

25.21/37.7 

16 

5.97/14.3 

8.87/17.3 

19.38/24.5 

21.59/24.8 

25 

6.15/11.9 

9.27/14.7 

I  -  10 

21.41/22.5 

24.87/23.9 

o2: 

:y  =  9:1  L 

=  1  K  =  32 

1  -  <J>(t-1  ) 

*  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

1 

7.69/79.2 

11.13/82.8 

25.65/89.7 

30.39/90.6 

2 

8.57/59.1 

12.27/63.8 

27.03/74.5 

31.77/76.2 

4 

9.97/47.5 

13.99/52.1 

28.91/62.3 

33.54/64.1 

8 

10.97/36.9 

15.21/41.0 

30.66/51.0 

35.74/53.5 

16 

11.53/27.6 

15.89/31.0 

31.90/40.3 

37.01/42.6 

25 

11.47/22.1 

16.02/25.4 

33.85/35.5 

40.08/38.5 

I  -  11 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


APPENDIX  I 

Reduction  in  Total  Costs  for  Different  Service  Levels 


y  =  9:1  L  e 

1  K  =  64 

1  -  4>(t-1) 

=  .05  _ 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

1.76/69,3 

2.49/73.8 

10,16/85.8 

14.01/89.2 

.3 

4.21/72.8 

5.83/77.1 

16.91/87.3 

21.26/89.4 

1 

5.31/43.8 

7.79/50.0 

19.77/64.7 

23.94/67.5 

2 

5.81/32.8 

8.48/38.0 

20.59/52.4 

24.81/55.6 

4 

6.11/23.9 

8.80/28.0 

20.73/40.7 

24.90/43.8 

8 

6.33/17.5 

9.09/20.7 

20.77/31.0 

24.85/33.7 

16 

6.25/12.2 

8.91/14.6 

18.75/21.0 

20.75/21.3 

25 

6.41/10.1 

9.21/12.2 

20.47/18.9 

23.65/20.2 

I  -  12 

2 

o  : 

y  =9;i  L  = 

1  K  =  64 

1  -  4>(t-1) 

=  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

1 

9.20/76.0 

12.45/80.0 

26.70/87.4 

31.48/88.7 

2 

9.73/54.9 

13.34/59.7 

27.85/70.8 

32.54/72.9 

4 

11.18/43.8 

15.05/47.9 

29.71/58.3 

34.33/60.4 

8 

12.18/33.5 

16.26/37.1 

31.47/47.0 

36.47/49.5 

16 

12.89/25.2 

17.11/28.0 

32.87/36.8 

37.93/39.0 

25 

13.12/20.6 

17.46/23.1 

34.91/32.2 

41.00/35.0 

I  -  13 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


o2:v 

=  9:1  L 

*  4  K  *  0 

Service  Levels 

1  -  4>(t-1) 

II 

o 

cn 

• 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

1.78/89.2 

3.73/88.5 

15.04/93,4 

19,29/94,2 

.3 

4.56/88.1 

7.86/89.3 

21.69/92.5 

26.39/93.2 

1 

7.16/66.5 

11.18/70.2 

25.40/75.1 

29.80/75.7 

2 

8.24/54.1 

12.28/57.1 

26.78/63.8 

31.57/65.7 

4 

8.86/41.9 

12.92/44.7 

27.56/52.1 

32.71/54.7 

8 

9.34/31.9 

13.44/34.5 

27.88/41.1 

32.76/43.1 

16 

9.15/22.6 

13.04/24.6 

22.7/25.5 

21.30/22.1 

25 

9.15/18.3 

13.35/20.6 

I  -  14 

25.70/24.0 

27.03/22.9 

2 

0 

:y  =  9:1  L 

II 

7C 

II 

O 

1  -  4>(t-1) 

*  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

1 

9.86/91.6 

14.69/92.3 

31.73/93.3 

36.76/93.4 

2 

11.59/76.2 

16.78/78.0 

34.23/81.6 

39.76/82.7 

4 

13.60/64.3 

19.15/66.3 

36.99/70.0 

42.08/70.4 

8 

15.02/51,4 

20.86/53.5 

39.93/58.8 

45.76/60.2 

16 

15.31/37.9 

21.35/40.3 

40.73/45.8 

45.21/46.8 

25 

14.32/28.7 

20.56/31.7 

42.32/39.6 

59.71/50.5 

I  -  15 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


o  :y  =  9:1 


L  =  4  K  =  32 
Service  Levels 


1  -  4>(t-1  )  =  .05 


Mean 


Demand 

CO 

II 

cc 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

2.31/80.4 

4.06/83.0 

15.23/91.5 

19.47/92.7 

.3 

5.39/81.2 

8.49/83.7 

22.36/90.6 

26.70/90.6 

1 

7.59/55.4 

11.36/60.4 

25.36/69.2 

29.67/70.4 

2 

8.45/43.0 

12.33/47.5 

26.52/57.1 

31.12/59.2 

4 

8.96/32.3 

12.84/36.1 

26.90/45.0 

31.51/47.2 

8 

9.35/24.1 

13.21/27.0 

27.08/34.6 

31.65/36.6 

16 

9.11/16.8 

12.70/18.8 

21.49/20.6 

20.30/17.7 

25 

9.16/13.6 

13.00/15.7 

24.28/19.2 

25.28/18.3 

I  -  16 

2 

o  : 

:y  =  9:1  L 

=  4  K  =  32 

1  -  4>(t-1) 

=  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  *  .9 

R  =  .99 

R  =  .995 

1 

11.41/83.2 

16.10/85.6 

33.02/90.8 

38.35/90.9 

2 

12.77/65.0 

1 7. 77/C8. 5 

34.96/75.3 

40.26/76.6 

4 

14.73/53.2 

20.09/56.4 

37.53/62.8 

42.43/63.6 

8 

16.13/41.6 

21.77/44.5 

40.26/51.4 

45.86/53.0 

16 

16.68/30.7 

22.42/33.0 

40.93/39.2 

46.29/40.4 

25 

16.10/23.9 

21.92/26.4 

42.42/33.5 

48.79/35.3 

I  -  17 


Total  Cost  Savings/Percent  Reduction  in  Total  Costs 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


o2:y 

=  9:1  L 

=4  K  *  64 

1  -  4>(t-1) 

*  .05 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

2.59/74.1 

4.32/80.2 

15.27/89.7 

19.50/91.2 

.3 

5.96/77.5 

9.05/81.6 

22.73/89.0 

27.22/89.7 

1 

8.02/51.3 

11.68/56.4 

25.53/66.3 

29.82/67.7 

2 

8.82/39.3 

12.61/43.8 

26.55/53.8 

31.09/56.1 

4 

9.24/29.1 

13.03/32.8 

26.80/41.8 

31.33/44.1 

8 

9.58/21.4 

13.34/24.3 

26.85/31.7 

31.29/33.6 

16 

9.30/14.8 

12.78/16.8 

21.17/18.6 

19.78/15.9 

25 

9.41/12.1 

13.10/13.9 

23.80/17.2 

24.53/16.3 

I  -  18 

o2: 

:y  =  9:1  L 

=  4  K  *  64 

1  -  $(t-1) 

*  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  '  .9 

R  =  .99 

R  =  .995 

1 

12.59/80.5 

17.11/82.6 

33.97/88.2 

39.36/89.4 

2 

13.73/61.1 

18.70/64.9 

35.79/72.6 

41.10/74.2 

4 

15.68/49.3 

20.99/52.8 

38.28/59.7 

43.13/60.7 

8 

17.10/38.3 

22.68/41.3 

40.98/48.3 

46.53/50.0 

16 

17.78/28.4 

23.47/30.8 

41.91/36.8 

46.28/37.3 

25 

17.50/22.5 

23.27/24.7 

43.26/31.2 

49.69/33.0 

I  -  19 


Total  Cost  Savings/Percent  Reduction  in  Total  Costs 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


Service  Levels 


Mean 

Demand 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 

—  c  ,e —  R  =  .9  R  E  .99  R  =  qqe; 

.1 

0.27/68.4 

.62/68.4 

3.31/77.2 

4.51/82.2 

.3 

0.86/71.7 

1.42/65.0 

5.42/85.6 

6.77/88.2 

1 

0.92/33.7 

1.64/39.8 

5.81/63.5 

7.40/68.9 

2 

1.23/31.0 

2.08/37.0 

6.79/60.0 

8.54/65.4 

4 

1.28/23.0 

2.27/2 9.9 

7.46/52.6 

9.37/58.2 

8 

1.48/19.4 

2.72/26.6 

8.89/49.1 

11.12/54.7 

16 

1.44/13.7 

2.84/20.5 

9.89/41.9 

12.57/47.9 

25 

1.44/11.1 

3.17/18.7 

11.53/40.9 

14.57/46.6 

APPENDIX  I 


Reduction  In  Total  Costs  for  Different  Service  Levels 


2  , 

o  :p  * 


3:1 


L  -  0 

K  *  0 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

lemand 

R  '  .8 

R  -  .9 

R  «  .99 

R  «  .995 

1 

1.64/59.9 

2.55/61.8 

7.52/82.3 

9.12/84.9 

2 

1.89/47.7 

3.05/54.2 

8.40/74.3 

10.08/77.2 

4 

2.14/38.8 

3.57/47.0 

9.70/68.3 

11.61/72.1 

8 

2.42/31.8 

4.14/40.4 

11.37/62.8 

13.58/66.8 

16 

2.13/20.3 

4.27/30.8 

12.85/54.4 

15.39/58.6 

25 

1.57/12.1 

4.08/24.1 

13.93/49.4 

16.97/54.3 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


T5 
to  O 

O' 

c  u 

•*-  QJ 
>  Q» 

t/>  L. 
QJ 
Cl 
to 

O  to 
i_>  t. 

<o 
<o  f— 

o 
o  o 


Mean  Demand  Rate 
I  -  22 


o  :P  -  3:1 
L  =  0 

K  =  32 

*(t-1)  -  .05 


Mean 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


;mand 

R  ■  .8 

R  e  .9 

R  *  .99 

R  *  .995 

.1 

0.38/45.7 

1.14/50.1 

3.32/62.6 

4.51/69.5 

.3 

2.02/50.7 

2.50/54.3 

5.68/67.2 

7.05/71.8 

1 

1.57/20.4 

2.11/23.5 

4.99/36.2 

6.13/39.9 

2 

1.81/16.5 

2.42/19.0 

5.43/29.6 

6.85/34.1 

4 

1.78/11.4 

2.34/13.1 

5.58/22.5 

6.93/25.9 

8 

1.98/  9.0 

2.68/10.6 

6.44/19.1 

8.02/22.3 

16 

1.75/  5.6 

2.47/  7.0 

6.63/14.4 

8. 36/17. l' 

25 

1.71/  4.4 

2.60/  5.9 

9.93/17.5 

13.23/22.0 

Total  Cost  Savings  In 
Dollars  per  Period 
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Reduction  In  Total  Costs  for  Different  Service  Levels 


2 

o  :p  *  3:1 
L  *  0 


K  *  32 

1  -  ♦(t-1)  =  .15 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

lemand 

R  *  .8 

R  *  .9 

R  =  .99 

R  «  .995 

1 

3.19/41.3 

4.01/44.7 

7.71/55.9 

9.28/60.4 

2 

3.22/29.3 

4.07/32.0 

7.92/43.1 

10.17/48.7 

4 

3.66/23.4 

} 

4.54/25.4 

8.81/35.6 

10.37/38.8 

8 

4.27/19.3 

5.32/21.1 

10.34/30.7 

12.20/33.9 

16 

4.32/13.9 

5.61/15.9 

11.44/24.8 

13.44/27.4 

25 

3.73/  9.6 

5.10/11.7 

15.49/27.3 

18.81/31.4 

APPENDIX  I 


Reduction  in  Total  Costs  for  Different  Service  Levels 


c 

XJ 

in  o 
c  u. 

•»-  QJ 
>  0. 
*5 

in  t- 
QJ 

4->  Cl 
m 

O  in 
O  S- 

PO 


fO  »— 
4->  O 

o  o 


Mean  Demand  Rate 


L  *  D 
K  *  54 
*{t-D  =■  ,05 


I  -  24 


Service  Levels 


Mean 

Demand 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 

R  =  .8  R  =  .9  R  c  .99  R  =  .995 

.1 

1.40/47.3 

1.57/48.9 

3.50/58.5 

4.68/65.3 

.3 

2.74/48.9 

3.16/51.4 

6.12/62.2 

7.42/66.6 

1 

2.05/19.5 

2.49/21.3 

5.13/31 .0 

6.29/34.9 

2 

2.31/15.4 

2.80/16.8 

5.72/25.6 

6.92/28.8 

4 

2.23/10.5 

2.73/11.6 

5.73/18.8 

7.01/21 .6 

8 

2.52/  8.4 

3.11/  9.3 

6.54/15.6 

8.00/18.0 

16 

2.27/  5.4 

2.86/  6.1 

6.48/11.2 

8.18/13.4- 

25 

2.60/  4.9 

3.49/  6.0 

8.15/11.3 

10.06/13.4 

Total  Cost  Savings  In 
Dollars  per  Period 
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Reduction  In  Total  Costs  for  Different  Service  Levels 


o*:u  * 


3:1 


L  *  0 


K  *  64 

1  -  *(t-1)  =  .15 


Service  levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

flpmA  nd 

R  *  .8 

R  *  .9 

R  =  .99 

R  «  .995 

1 

4.16/39,6 

4.90/41.9 

8.39/50.8 

9.86/54.8 

2 

4.21/28.1 

4.99/29.9 

8.66/38.7 

9.91/41.2 

4 

4.73/22.3 

5.56/23.6 

9.52/31.2 

11.13/34.2 

8 

5.70/19.0 

6.61/19.9 

11.25/26.8 

12.97/29.2 

16 

5.93/14.0 

6.87/14.7 

12.15/20.9 

14.05/23.0 

25 

5.78/10.9 

7.56/12.4 

14.03/19.5 

16.43/21.8 

APPENDIX  I 

Reduction  in  Total  Costs  for  Different  Service  Levels 


Q 

ro 

r? 

=  3:1  L 

=  1  K  =  0 

1  -  *(t-1) 

=  .05 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

0.55/68.4 

1.19/67.8 

4.46/81.0 

5.67/83.1 

.3 

1.32/66.0 

2.32/72.0 

6.31/80.3 

7.49/80.4 

1 

1.51/38.1 

2.44/43.3 

6.12/54.1 

7.34/56.2 

2 

1.90/34.5 

2.97/39.0 

6.83/48.1 

8.28/51.4 

4 

1.96/25.8 

3.03/29.6 

7.11/39.3 

8.51/41 .9 

8 

2.12/20.1 

3.35/31 .8 

8.29/35.2 

10.11/38.5 

16 

1.80/12.4 

3.17/16.7 

8.86/28.3 

10.92/31.6 

25 

1.46/  8.1 

3.11/13.4 

9.89/26.2 

12.41/29.8 

I  -  26 

2. 

o  :\i 

=  3:1  L 

II 

_~j 

7^ 

If 

O 

1  -  <D(t-1) 

=  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

1 

2.45/61.9 

3.85/68.3 

8.14/72.0 

9.76/74.7 

2 

2.80/50.8 

4.08/53.6 

8.94/63.0 

10.45/64.8 

4 

3.08/40.5 

4.55/44.5 

9.82/54.3 

11.74/57.8 

8 

3.15/29.9 

4.80/34.6 

11.33/48.1 

13.50/51.4 

16 

2.09/14.3 

4.09/21.6 

11.63/37.2 

13.90/67.3 

25 

0.64/  3.5 

2.94/12.6 

12.50/33.1 

16.20/38.9 

I  -  27 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


o2:. 

*  3:1  L  s 

1  K  *  32 

1  -  $(t-1) 

-  .05  . 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  *  .9 

R  =  .99 

R  =  .995 

.1 

1.07/49.4 

1.56/55.3 

4.50/69.2 

5.75/73,6 

.3 

2.35/53.6 

3.19/57.9 

7.00/70.2 

8.20/72.0 

1 

1.97/23.4 

2.66/26.3 

6.06/38.3 

7.19/41.0 

2 

2.28/19.0 

3.08/21.7 

6.60/31.4 

7.81/34.1 

4 

2.23/13.1 

3.04/15.3 

6.43/22.8 

7.56/24,8 

8 

2.46/10.3 

3.39/12.2 

7.41/19.3 

8.96/21.7 

16 

2.10/  6.2 

3.22/  8.2 

7.31/13.9 

8.91/15.8 

25 

1.80/  4.3 

2.85/  5.9 

8.15/12.6 

10.29/14.9 

I  -  28 

2 

o  :y 

«  3:1  L 

=  1  K  =  32 

1  -  4>(t-1) 

“  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  *=  .995 

1 

3.74/44.3 

4.79/47.3 

8.95/56.6 

10.47/59.7 

2 

3.85/32.1 

5.01/35.2 

9.33/44.4 

10.76/46.9 

4 

4.30/25.3 

5.55/27.9 

10.12/35.9 

11.60/38.0 

8 

4.93/20.6 

6.27/22.5 

11.60/30.2 

13.44/32.6 

16 

4.46/13.2 

5.86/15.0 

11.79/22.4 

13.57/24.1 

25 

3.15/  8.1 

4.61/  9.5 

12.66/19.6 

16.67/24.2 

I  -  29 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


2 

o  :y 

=3:1  L  c 

1  K  =  64 

1  -  4>(x-l) 

-  ,05 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

1.51/48.4 

1.86/51.2 

4.68/65.1 

5.92/69.8 

.3 

3.00/50.8 

3.70/54.2 

7.36/65.6 

8.68/68.3 

1 

2.32/21.0 

6.12/54.1 

6.24/33.8 

7.28/36.1 

2 

2.67/17.0 

3.43/19.0 

6.77/27.2 

7.97/29.7 

4 

2.58/11.6 

3.32/13.1 

6.58/19.4 

7.60/21.0 

8 

2.90/  9.2 

3.76/10.5 

7.58/16.3 

9.11/18.4 

16 

2.50/  5.6 

3.32/  6.6 

7.33/11.4 

8.82/13.0 

25 

2.49/  4.5 

3.52/  5.6 

8.79/11.0 

10.90/13.0 

I  -  30 

2. 

o  :y 

=  3:1  L 

=  1  K  =  64 

1  -  4(t-1) 

=  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

1 

4.55/41.2 

5.60/43.8 

9.79/53.1 

11.09/55.1 

2 

4.71/29.9 

5.76/32.0 

10.04/40.4 

11.35/42.3 

4 

5.25/23.6 

6.44/25.4 

10.88/32.1 

12.32/34.1 

8 

6.20/19.7 

7.47/20.9 

12.59/27.1 

14.50/29.3 

16 

6.07/13.7 

5.86/15.0 

12.59/19.5 

14.26/21.0 

25 

5.06/  9.1 

6.43/10.3 

14.34/18.0 

17.61/21.0 

I  -  31 
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Reduction  in  Total  Costs  for  Different  Service  Levels 
o^:y  =3:1  L  *  4  K  *  0  1-  $(t-1)  -  .05 

Service  Levels 


Mean 


Demand 

R  =  .8 

R  8  .9 

R  =  .99 

R  =  .995 

.1 

1.17/64.9 

2.02/68.3 

5.58/75.3 

6.91/77.9 

.3 

2.51/73.5 

4.02/80.9 

8.28/79.7 

9.41/78.5 

1 

2.51/41.2 

3.62/43.4 

7.74/50.5 

9.02/52.0 

2 

2.91/34.5 

4.19/37.2 

8.61/43.8 

10.09/45.8 

4 

2.96/25.3 

4.24/27.7 

8.36/32.5 

19.44/50.3 

8 

3.10/19.2 

4.55/21.6 

9.78/28.5 

11.77/31.6 

16 

2.32/10.3 

3.78/13.0 

9.15/19.7 

10.86/21.3 

25 

1.09/  3.9 

2.75/  7.7 

I  -  32 

9.68/17.1 

12.60/20.3 

o2:„ 

=  3:1  L 

O 

u 

M 

1  -  $(t-1) 

=  .15 

Service  Levels 

Mean 

Demand 

R  *  .8 

R  =  .9 

R  ■»  .99 

R  =  .995 

1 

3.93/64.3 

5.52/66.2 

10.72/70.0 

12.22/70.5 

2 

4.27/50.6 

5.96/52.9 

11.34/57.7 

12.99/59.0 

4 

4.66/39.9 

6.49/42.4 

12.26/47.6 

23.87/61.8 

8 

4.60/28.4 

6.57/31.3 

13.31/38.8 

15.65/41.3 

16 

2.23/  9.9 

4.05/14.0 

10.54/22.7 

11.99/23.5 

25 

-1.34/-4.8 

-.52/-1.4 

10.52/18.5 

14.82/23.8 

I  -  33 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


2 

o  :y 

=  3:1  L  * 

4  K  «=  32 

1  -  4>(t-1  ) 

*  .05 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

1.58/55.6 

2.29/57.6 

6.02/71.7 

6.94/70.6 

.3 

3.15/57.7 

4.29/61.2 

8.72/70.4 

10.16/72.6 

1 

2.77/27.3 

3.87/31.0 

7.71/39.4 

8.93/41.3 

2 

3.23/22.6 

4.36/25.2 

8.49/32.6 

9.75/34.3 

4 

3.19/15.9 

4.32/17.9 

8.00/22.7 

8.86/23.2 

8 

3.44/12.2 

4.69/13.9 

9.31/19.4 

10.87/21.0 

16 

2.71/  6.8 

3.90/  8.3 

8.42/12.7 

9.78/13.8 

25 

1.89/  3.8 

3.09/  5.3 

8.57/10.5 

10.65/12.2 

I  -  34 

2. 

o  :y 

=  3:1  L 

=4  K  =  32 

1  -  4(t-1) 

=  .15 

Service  Levels 

Mean 

Demand 

R  '  .8 

R  «  .9 

R  -  .99 

R  =  .995 

1 

4.91/48.4 

6.45/51.7 

11.47/58.6 

12.94/59.9 

2 

5.19/36.3 

6.78/39.1 

11. 98/46.0 

13.54/47.6 

4 

5.75/28.6 

7.45/30.9 

12.81/36.4 

14.35/37.6 

8 

6.27/22.2 

8.07/24.0 

14.19/29.5 

16.17/31.2 

16 

4.76/12.0 

6.29/13.4 

11.81/17.8 

12.95/18.2 

25 

2.11/  4.3 

3.37/  5.8 

10.43/12.8 

13.36/15.3 

I  -  35 
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Reduction  in  Total 

Costs  for  Different  Service 

Levels 

o2:v 

*  3:1  L  * 

4  K  8  64 

1  -  4>(t-1  ) 

*  ,05 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  *  .9 

R  =  .99 

R  =  .995 

.1 

1.36/51.2 

2.62/55.8 

6.14/63.1 

7.23/69.1 

.3 

3.69/54.8 

4.67/56.4 

9.04/66.4 

10.5S/69.2 

1 

3.06/24.5 

3.89/26.1 

7.78/35.3 

8.99/37.3 

2 

3.51/19.9 

4.62/22.2 

8.62/29.0 

9.93/30.9 

4 

3.45/13.8 

4.53/15.5 

8.11/20.0 

8.89/20.4 

8 

3.78/10.7 

4.97/12.1 

9.44/16.9 

11.00/18.5 

16 

3.04/  6.1 

4.14/  7.2 

8.41/10.9 

9.66/11.7 

25 

2.38/  3.8 

3.47/  4.9 

0.93/  9.4 

11.05/10.9 

I  -  36 

2 

o  :\i 

=3:1  L  * 

4  K  8  64 

1  -  4>(t-1  ) 

*  .15 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

1 

5.65/45.1 

7.20/48.2 

12.19/55.3 

13.63/56.5 

2 

5.87/33.2 

7.43/35.7 

12.64/42.5 

14.19/44.1 

4 

6.55/26.2 

8.20/28.1 

13.56/33.5 

14.99/34.4 

8 

7.37/20.9 

9.14/22.3 

15.13/27.2 

17.11/28.7 

16 

6.29/12.7 

7.70/13.4 

12.76/16.5 

13.80/16.8 

25 

3.87/  6.3 

4.82/  6.8 

12.05/12.6 

15.03/14.8 

I  -  37 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


"O 
in  O 

c  u 

1-  QJ 

>  CL. 
TO 

CO  u 
O) 

4->  CL 
«/> 

O  to 
<->  fc. 
TO 


TO  »— 
4->  O 

o  o 


L  *  0 

K  =  0 

♦(t-1)  =  .05 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 

Mean 


Demand 

R  *  .8 

R  *  .9 

R  «  .99 

R  *  .995 

.1 

.04/  9.5 

.09/  9.5 

0.47/34.0 

0.95/51.0 

.3 

.13/14.0 

.33/29.8 

1.31/62.8 

1.70/68.6 

1 

.13/  8.6 

.34/16.8 

1.35/39.3 

1.78/46.1 

2 

.35/16.9 

.56/20.5 

2.30/50.1 

2.89/55.8 

4 

.42/14.1 

.81/21.1 

2.78/44.7 

3.38/49.6 

8 

.39/  9.4 

.92/17.3 

3.52/41.6 

4.29/46.3 

10 

.37/  8.1 

.83/14.1 

3.51/37.6 

-  4.41/43.1 

Total  Cost  Savings  In 
Dollars  per  Period 
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Reduction  In  Total  Costs  for  Different  Service  Levels 


L  *  0 

K  *  0 

l  -  elT-l)  =  -is 


Sprvice  levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

R  1  ,8 

R  «  .9 

R  «  .99 

R  «  .995 

Ucmono 

1 

.33/22.0 

0.77/37.9 

2.17/63.1 

2.60/67.1 

2 

.54/25.9 

1.10/40.1 

2.94/64.1 

3.53/68.2 

4 

.60/20.0 

0.98/25.6 

3.32/53.4 

3.88/56.8 

8 

.44/10.6 

1.10/20.8 

3.94/46.6 

4.71/50.8 

10 

.33/  7.1 

1.06/18.1 

4.26/45.6 

5.16/50.4 

APPENDIX  I 

Reduction  in  Total  Costs  for  Different  Service  Levels 


L  *  0 

K  =  32 


$(t-1)  -  .05 


Mean  Demand  Rate 


I  -  40 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 

Mean 


Demand 

R  -  .8 

R  «  .9 

R  =  .99 

R  =  .995 

.1 

0.11/  5.3 

0.13/  5.8 

0.27/  8.6 

0.43/12.0 

.3 

0.62/15.7 

0.68/15.9 

1 .44/26.1 

1 .71/29.6 

1 

0.33/  4.5 

0.37/  4.6 

0.82/  8.4 

1.27/12.1 

2 

0.81/  7.8 

0.96/  8.4 

1.59/11.6 

2.21/15.5 

4 

0.82/  5.6 

0.95/  5.9 

1.92/10.0 

2.37/11.8 

8 

1.04/  5.0 

1.21/  5.3 

2.42/  8.9 

2.90/10.4 

10 

0.79/  3.4 

0.91/  3.6 

2.19/  7.3 

-  2.75/  8.8 

/ 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


L  *  0 

K  *  32 
♦  U-l)  =  .15 


Service  levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

Demand 

1 

2 

4 

8 


R  «  .8 

R  *  .9 

1.10/15.0 

1.22/15.1 

1.88/18.1 

2.14/18.7 

1.62/11.0 

1.81/11.2 

1.67/  8.0 

1.89/  8.3 

1.93/  8.3 

2.24/  8.8 

R  *  .99 

R  *  .995 

2.19/22.3 

2.88/27.4 

3.22/23.6 

3.84/26.9 

3.01/15.6 

3.48/17.4 

3.37/12.5 

3.96/14.1 

4.33/14.4 

5.09/16.3 

10 


Total  Cost  Savings  in 
Dollars  per  Period 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


L  =  0 

K  =  64 

-  *(t-1)  »  .05 


Service  Levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 

Mean 


Demand 

R  *=  .8 

R  *  .9 

R  -  ,99 

R  =  .995 

.1 

0.16/  5.1 

0.18/  5.4 

0.28/  6.8 

0.40/  9.3 

.3 

0.76/13.6 

0.91/15.3 

1.46/20.6 

1.90/25.3 

1 

0.44/  4.3 

0.50/  4.5 

0.93/  7.2 

0.85/  6.4 

2 

1.11/  7.6 

1.21/  7.7 

1.93/10.7 

2.14/11.4 

4 

1.17/  5.7 

1.29/  5.8 

2.00/  7.9 

2.51/  9.6 

8 

1.53/  5.3 

1.65/  5.3 

2.67/  7.5 

3.06/  8.3 

10 

1.23/  3.8 

1.34/  3.8 

2.42/  6.0 

•  3.03/  7.3 

Total  Cost  Savings  in 
Dollars  per  Period 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


o* : v  *  1:1 
L  *  0 


K  *  64 
♦It-1)  «  .15 


Service  levels 

Total  Cost  Savings/Percent  Reduction  in  Total  Costs 


Mean 

npmand 

R  «  .8 

R  -  .9 

R  «  .99 

R  -  .995 

1 

1.50/14.6 

1.67/15.2 

2.43/18.8 

2.81/21.1 

2 

2.61/18.0 

2.82/18.1 

3.81/21.0 

4.43/23.6 

4 

2.32/11.3 

2.47/11.1 

3.56/14.0 

3.78/14.4 

8 

2.54/  8.8 

2.69/  8.6 

3.98/11.1 

4.54/12.3 

10 

3.09/  9.5 

3.26/  9.3 

4.90/12.2 

5.67/13.7 

APPENDIX  I 


Reduction  in  Total  Costs  for  Different  Service  Levels 


o2:u 

=  1:1  L  = 

O 

II 

1  -  4>(t-1) 

=  .05  - 

Service  Levels 

Mean 

Demand 

R  =  .8 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

.08/10.0 

.09/  8.7 

0.28/14.4 

0.20/  9.8 

.3 

.34/30.0 

.62/37.3 

1 .22/44.1 

1.60/50.8 

1 

.25/12.1 

.29/10.5 

1 .05/22.8 

1.25/24.2 

2 

.55/18.5 

.79/20.5 

1.82/29.2 

2.20/32.2 

4 

.47/11.3 

.77/14.5 

2.28/27.0 

2.81/30.3 

8 

.35/  6.0 

.78/10.6 

2.56/22.1 

3.27/25.8 

10 

.26/  4.0 

.73/  9.0 

2.75/21.4 

3.55/25.1 

I  -  44 

2 

o  :y 

=1:1  L  = 

1  K  =  0 

1  -  4>(x-l ) 

-  .15 

Service  Levels 

Mean 

Demand 

R  «  .8 

R  =  .9 

R  =  .99 

R  =  .995 

1 

.55/26.1 

.88/32.1 

2.06/44.8 

2.64/51.0 

2 

.87/29.2 

1.23/31.9 

1.82/29.2 

2.20/32.2 

4 

.59/14.3 

1.03/19.4 

2.64/31.2 

3.35/36.1 

8 

.23/  4.0 

.76/10.3 

3.06/26.4 

3.62/28.5 

10 

-.18/-2.9 

.49/  6.0 

3.30/25.6 

3.94/27.9 

I  -  45 
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Reduction  in  Total  Costs  for  Different  Service  Levels 


o2:u 

=  1:1  L  ■ 

1  K  =  32 

1  -  4>(t-1  ) 

=  .05  - 

Service  Levels 

Mean 

Demand 

yo 

n 

• 

00 

R  =  .9 

R  =  .99 

R  =  .995 

.1 

.13/  5.7 

.17/  6.7 

0.45/12.9 

0.60/15.1 

.3 

.63/15.4 

.72/15.4 

1.09/18.4 

1.64/25.3 

1 

.36/  4.7 

.45/  5.3 

0.94/  8.7 

1.01/  9.0 

2 

.86/  8.0 

1.12/  9.3 

1.82/12.2 
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